LOCAL STRUCTURE OF ABELIAN COVERS 

DONATELLA IACONO 



Abstract. We study normal finite abelian covers of smooth varieties. In particular 
we establish combinatorial conditions so that a normal finite abelian cover of a smooth 
variety is Gorenstein or locally complete intersection. 



1. Introduction 

Let G be a finite abelian group and let X, Y be algebraic varieties. An abelian cover 
X of Y, with group G is a (finite) morphism tt : X — > Y, together with a faithful 
action of G on X, commuting with tt, such that Y = X/G. We will focus our attention 
on the case in which X is normal and Y is smooth; in this case tt is flat [U Sec. 3]. 

For convenience, throughout the paper we shall work over the ground field C of 
the complex numbers. The results here apply over any algebraic closed field k and if 
ch(k) / Owe only need that gcd{\G\,ch{k)) = 1. 

The theory of cyclic covers of algebraic surfaces was studied first by A. Comessatti in 
[7j. Then F. Catanese [Hj studied smooth abelian covers in the case (Z 2 ) 2 and R. Pardini 
jllj analyzed the general case. In |J] and £10: M. Manetti investigated the property to 
be Gorenstein for (Z2) n -covers. Recently, in [IS] R. Vakil used the (Z p ) n -covers to show 
the existence of badly-behaved deformation spaces. 

The first purpose of this paper is to establish combinatorial conditions so that a 
normal G-cover X of a smooth variety Y (tt : X — > Y) is Gorenstein. 

To give a more precise statement let us introduce the combinatorial data of the cover 
tt at a point y in Y. Let R be the ramification locus, i.e. the set of the points of X 
that have non trivial stabilizer, and define the branch locus D as the image of R under 
tt. By the theorem of purity of branch locus |19| Prop. 2], R and D are divisors. We 
consider the divisors with the reduced structure. 

For each irreducible component T of R, let H be the subgroup of G that stabilizes T; 
i.e. H = {h G G : hx = x Vx G T}. H is called the inertia group of T and, by definition, 
it is a finite abelian group. 

Let x be a smooth point in X and in T. By Cartan's lemma Lemma 2], the inertia 
group H of T acts faithfully on T x> x, leaving fixed T x> j>- Then there exists a character 
tp : H — ► C* such that the action on T x ^x/T Xj t of an element h of H is given by the 
multiplication by ip(h). Since the action is faithful, tp is a character generating the dual 
of H and H is a finite subgroup of C* and so it is cyclic. If k ^ C we cannot use 
Cartan's lemma, but also in this case H is cyclic and there is an associated character tp 
generating the dual of H Lemma 1.1 and 1.2]. 

Now, let E be an irreducible component of D. Since G is abelian, all the components 
of tt^ 1 (E) have the same inertia group and same associated character tp. Therefore to 
every component of D we can associate a cyclic subgroup H of G and a character tp 
generating the dual of H. For each pair (H, tp), with H a cyclic subgroup of G and tp a 
character generating the dual of H, let Dh,^ be the union of all the components of D 
that have associated H and tp. 
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Definition 1.1. Let X be a normal G-cover of a smooth variety Y. Let y be a 
point of Y" lying on the components Dh x ipi, ■ ■ ■ , Djj st ^ s of the branch locus D. The 
set {(Hi, ipi)}i=i s is the combinatorial data at the point y inY of the cover. 

Our first result is the following theorem (theorem 14. 3|) that relates the property to be 
Gorenstein to the combinatorial data. 

Theorem. Let X be a normal G-cover of a smooth variety Y and {(H{, ipi)}i=i,..., s its 
combinatorial data at the point y in Y . Then the points of X over y are Gorenstein 
points of X if and only if there exists a character x of G such that 

X\Ht =i>i Vl<i<s. 

It is easy to see that the existence of a character x °f G is a necessary condition. 
Suppose that G leaves fixed the point x in X. Since X is Gorestein the dualizing sheaf 
is locally free of rank 1 [HJ Ch. 21]. Then there exists a character x of G such that the 
action of G on the dualizing sheaf is given by the multiplication by %■ Let y be a smooth 
point of X near x. Suppose that y is a smooth point of the irreducible component T 
of R fixed by the subgroup H of G. As already said, we can define a character i\) of 
H, such that the faithful action of H on Ty t x/T y T is given by the multiplication by tp. 
Therefore it is necessary that x\H = V ; - 

The previous theorem (theorem 14.3)1 generalizes this condition and it proves that it 
is necessary and sufficient condition. 

Then we study locally complete intersection covers. Related to locally complete in- 
tersections there are the locally simple covers. 

Definition 1.2. Let Y be a smooth variety and ir : X — ► Y be a normal G-cover. 
Suppose that y £ Y lies on the components Dfj 1 ^ 1 , . . . ,Djj si1 p a of D. The G-cover is 
called locally simple, or tt is locally simple, if the map ©i-Hj — > G is injective, for each 

y e Y. 

Every locally simple cover is a locally complete intersection (remark I3.6j) . 

The second purpose of this paper is to investigate when the converse holds. 
First of all we note that the equivalence between the properties of being locally simple 
and being a locally complete intersection doesn't hold for any abelian group G. Actually, 
example 12.61 shows the existence of a G-cover that is locally complete intersection but 
not locally simple. 

Hence we turn our attention on (Z p ) n -covers. For these covers some results already 
exist. In [2] Manetti proved that the equivalence holds for (Z2) 2 -covers Prop. 1]. 
The following theorem (theorem 15. ljl proves that the equivalence holds for each (X p ) n - 
covers, with p prime. 

Theorem. Let ir : X — > Y be a normal flat (Z p ) n -cover with Y smooth. Then the 
following conditions are equivalent: 

i) : tt is locally simple; 

ii) : X is locally complete intersection. 

This theorem is the correct version of proposition 3.25 of jlUj . that states the equiv- 
alence of the previous two properties and the property of being Gorenstein for (Z2)™- 
covers. In fact, example l2.3l shows that the property of being Gorenstein is not equivalent 
to the property of being locally simple for (Z2) n -covers, with n > 3. However, in jlUj 
the result of proposition 3.25 is applied only in corollary 3.26 where Manetti used only 
the true equivalence between the property of being locally simple and being a locally 
complete intersection. Therefore this minor mistake doesn't affect the rest of the paper. 
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He also showed that for local simple covers the theory of deformation is easy to under- 
stand. So locally simple covers are interesting from the point of view of deformation 
theory. 

Notations. G defines a finite abelian group and we use the additive notation. In 
particular, we use the notation G = {a G G : na = 0), with n G N, for a cyclic group G, 
generated by a, of cardinality n. So G = Z n . We also write (a) when the order is clear 
by the context. In general \G\ is the order of a group G. 

G* = Hom(G, C*) is the group of characters of G (the dual of G) and we use for it 
the multiplicative notation. 

£ G C* stands for a primitive root of unity, whose (multiplicative) order will be 
specified every time. 

If a, b, c G Z, then a = b (mod n) means that a is congruent to b modulo n, gcd(a, b) 
is the great common divisor between a and b and [a] is the integer part. 



We collect here some results that we will use in the sequel. 



Theorem 1.3. (Watanabe) If f : X — ► Y is a flat and surjective morphism of 
preschemes, then X is Gorenstein if and only if Y and each fiber f~ 1 (y) are Goren- 
stein. 

Proof. See Th. 1']. □ 

Theorem 1.4. (Avramov) Let f : X — ► Y be a flat and surjective morphism of locally 
Noetherian schemes. Then X is a locally complete intersection if and only if the scheme 
f (y) i s a locally complete intersection for every point y (zY and Y is a locally complete 
intersection. 

Proof. See fj, Cor. 2]. □ 

Lemma 1.5. If (A, m) is an henselian local ring with residue field A/m = k algebraically 
closed, then the multiplicative group A* = A — m is divisible. 



Proof. By definition A* is divisible if and only if for each a G A* and for each n G N 
there exists x € A* such that a = x n . This condition is equivalent to the existence of a 
root in A* of the monic polynomial P(x) = x n — a G A[x]. Let P(x) the image of P(x) 
in k[x\. P(x) has a simple root a in A; and so, since A is henselian, P(x) has a root a 
that lift a [El Ch. 7, Prop. 3]. 

□ 

2. The key example 

This section is devoted to the study of a particular case of G-cover p : X — > X/G, 
with X = C s /K and K a finite abelian group. 

Let {{Hi, V'i)}i=i,...,s be a set of data, i.e. H, L are cyclic groups and tf>i are characters 
generating Hi*. If Hi = Hj then we assume that ipi ^ vpj in Hi* = Hj*. 

s 

Let di be the order of Hi, H = Hi and K be a subgroup of H. Then we can 

i=i 

construct an exact sequence of abelian groups 

s 

(1) — >K^H = Q)Hi-^G — >0 

i=i 

where v is the sum and G is the quotient. Moreover, suppose that each Hi injects into 
G. 
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For each element k G K we have 

s 

(2) k^i(k) = (hx,...,h s )^J2 h i = °- 

i=l 

Therefore for each € K — {0}, t(A;) contains at least two non-zero elements hi G Hi 
and /ij G -f/j, for 1 < i, j < s. 

First of all, we note that H* = Ylt=i H%* and so, using the left-exactness of the 
Hom(— , C*) functor [2J Prop. 2.9], we have the following exact sequence 

(3) — >G*^H*^K*. 



Now, we consider the action of H on C s , with coordinates (zi, Z2, ■ ■ ■ , z s ) given by the 
characters ipi of the data: if H 3 h = (hi, . . . , h s ) with hi G Hi, then we define 

h(zi, ...,z s ) = (ipi(hi)zi, • • • ,ip s (h s )z s ). 

Each non trivial element (0, . . . , 0, hi, 0, . . . , 0) G H acts on C s — {zi = 0} without fixed 
points. Therefore the points with all coordinates non zero have trivial stabilizer; the 
hyperplanes = are stabilized by Hi C H and they correspond to the irreducible 
components Ri of the ramification locus R. 

Let x G C s be a point of Then .ffj acts on the tangent space T x c* to C s in x, 
leaving fixed T x ^. Since the action of Hi is given by the multiplication by the character 
ipi, the character associated to the action of Hi on T x c s /T x ^ is ipi itself. 

The sub-ring of the invariant polynomials in C[z%, . . . , z s \ is the ring C[z\, . . . , z s ] = 
C[zf\. . . , zf] (dj is the order of Hi), since h(zf l ) = {ipi{hi)) d * zf = zf\ 
Set m := zf; then C|>i, . . . , z s ] H = C[m, . . . ,u s ] and so C s /H ^ C s . 
Moreover the irreducible components Di of the branch locus D are defined by the equa- 
tions Ui = and they correspond to the the components Dn i ^ i of D. 

Now, we return to the exact sequence (0). Using it, we can split the action of H 
through an action of K followed by an action of G and we obtain the following commu- 
tative diagram 




Since X = C s /K is normal Sec. 2] and X/G = (C s /K)/G = C s /H is smooth, the 
map p : X — > X/G is flat [U Sec. 3]; in this way we have obtained a G-cover p. 
By definition, the G-cover p is locally simple if K is the trivial subgroup of H. 
Using (j2J, the action of an element k G K is determined by the image t(k) = (hi, . . . h s ) 
and so each k G K — {0} acts non trivially on at least two coordinates (it isn't a 
pseudo-reflection) . 

As for H, the coordinate hyperplanes are the irreducible components of R fixed by 
Hi C G (this inclusion is guaranteed by our initial assumption Hi injects in G). Analo- 
gously the irreducible components of the branch locus D of p are the Di defined by the 
equations Uj = 0. 

The coordinate ring of X = C s /K is C[zi, z s ] K c C[zi, ...,z s ]. Since K is a finite 
abelian group that acts diagonally, C[zi, . . . , z s ] is generated by invariant monomials. 
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Let Nf( = {(cxi, ■ ■ ■ > &s) £ N s | z" 1 ■ ■ ■ zf s is an invariant monomial for K}. Then we can 
write C[z u ...,z s } K = z^---z^C. 

( ai ,...,a s )&N s K 

A monomial z^ 1 ■ ■ ■ zf s lies in N-L if and only if i*(LIj^°') = 1 € K* . Actually, each 

s 

element of K < H = Hi is of the form k = (k%, . . . , k s ) and so k(z" 1 ■ ■ ■ zf s ) = 

i=l 

z* 1 ■■■ zf° (V k) if and only if Vi^i)" 1 ^ 1 • • • ip s (k s ) as zf" = 1 • • • zf° that is n^f = 

l e if*. 

By the exact sequence (J3J) , this is equivalent to the existence of a character x£G* such 
that v*(x) = ^hipi*- We notice that the natural numbers a, are such that X\Hi = 
for each i. 

Therefore C[z 1} . . . , z s } K = z^---zf s C = where the A x are 

(ai,...,a,)eJV|- xec* 

defined as follows. 

Since the groups H* have order d{, A\ = Cfz^ 1 , . . . , zf s ] = C[ui, . . . , u s ]; moreover A x 
are free .Ai-module of rank 1. In fact, if the character \ = IL V'f 1 e ^* ^ s associated to 
the invariant monomial z^ 1 ■ ■ ■ zf s , then the other invariant monomials 2ff 1 ■ ■ ■ s with 
the same associated character x = TliV'f 1 are such that = a, (mod dj), for each 
< i < s. Hence, if z" 1 ■ ■ ■ zf s is the unique invariant monomials associated to x, with 
< a.i < di — 1, we write it; x = z" 1 • • • and so w x is a generator of A x as free 
.Ai-module, i.e. A x = (w x = z" 1 ■ ■ ■ zf"). 

Now we analyze the multiplicative structure of C[z±, . . . , z s ] K . 
Given w x = z" 1 ■ ■ ■ zf s and w x > = z" 1 ■ ■ ■ zf" , we define 

W 4,*' : = [^1- 



As already observed, all the a» and a- satisfy = and xf#- = V^- 

Fix the attention on the fiber of p over € C s /H: lies on the components Djj.^. for 

each i = 1 , . . . , s and so u j = . Then w x • = if there exists i such that a j + a • > d; , 

otherwise w x ■ w x ' = w x . x >. 

Hence the product in C[zi, . . . , z s ] K is given by 



(5) w x ■ w x , = z? +a > ■ ■ ■ z?+< = w x . x , J] ur' 

l 



2.1. When is the key example Gorenstein? Now we investigate when X of the G- 
cover p : C s /K = X — > X/G = C s /H = C s is Gorenstein, establishing combinatorial 
conditions on the data {(Hi, ipi)}i=i ... s - 

Since X = C s /K, we can apply an useful result due to Watanabe ^[ Sec. 2, Th. 1]. 

Theorem 2.1. (Watanabe) Let R = k[x\, . . . ,x n ] be a polynomial ring over a field k 
and G be a finite subgroup of GL(n, k) with gcd(\G\, ch(k)) = 1 if ch(k) ^ 0. We also 
assume that G contains no pseudo reflections. Then R G is Gorenstein if and only if 
G<SL(n,k). 

In our example the action of K just depends on the action of H and so it is strictly 
related on the data {(Hi, ip%)}i=i ... s - Therefore we can rewrite the previous theorem l2.ll 
in term of combinatorial conditions on the characters ifti. 

More precisely, we have associated to each element k E K a diagonal matrix of the 
action on C s , whose entries are the characters ipi valuated on k. Therefore we need to 
know when a product of characters ipi is 1 for each element k £ K. Using the exact 
sequence ©, the previous condition is related to the existence of a character of G that 
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lifts the characters ipi. In conclusion we have proved the following proposition that is a 
particular case of the first theorem. 

s 

Proposition 2.2. Let {(Hi, V ; i)}i=i,...,s be a set of data and K a subgroup of H = Hi. 

i=l 

Let G be the quotient and suppose that each Hi injects in G. C s /K is Gorenstein if and 
only if there exists a character \ °f G such that 

(6) X\H t =i>i VKi<s. 

2.2. Examples. Now, we explicitly analyze some G-covers. Fixing a finite abelian 
group G, we can consider a set of combinatorial data {(Hi, V ! i)}i=l,...,s) with Hi cyclic 
subgroups of G (so each one injects in G) and a character generating H* . If Hi = Hj 
then we assume that ipi tpj m Hi* = Hj*. Suppose that u : H = ©| =1 Hi — > G 
is surjective. Also in this case we can construct an exact sequence as (0) with K the 
kernel of v. 



Example 2.3. Let G = (Z2) 3 with standard generators and let Hi = (ei), for 
i = 1,2,3, and H4 = (e\ + e2 + 63} with associated character ipi, ip2, i>3 and ip, 
respectively (ipi(ei) = £, (p(e± + e2 + 63) = £, with £ G C* and £ 2 = 1). 
In this example, -ff = (Z2) 4 and for G K — {0} we have = (ei, e2, e3, e% +e2 + 63) G 
iif. The diagram associated to the action of H on C 4 is the following 




with actions given by: 

- h G H is of the form h = t\ e\ + ti e2 + £3 + t± (e\ + e2 + 63), with = 0, 1; so 

/l(zi, 22, Z4) = ((-I)' 1 *!, (-1)* 2 ^2, ("1)^3, ("l)* 4 ^)- 

- k £ K — {0} acts as: Z2, z 3, £4) = ( _ Zl> —%2, —Z3, —£4). 

- g G G is of the form g = si ei + S2 62 + S3 e%, with Sj = 0, 1; so g(w\,W2, w^,Wi) = 
((-l) Sl u;i, (-1)^2, (-1)^3,^4). 

The (Z2) 3 -cover p : X — > X/CL2Y is not locally simple (i^ 7^ {0}) but, since 
< SL(A, C), X is Gorenstein by theorem 12.11 

Remark 2.4. In this example X cannot be a local complete intersection. 
Let us recall a theorem due to Schlessinger ^3 Sec. 10] or Sec. 3]. 

Theorem 2.5. (Schlessinger) Quotient singularities which are non singular in codimen- 
sion two are rigid, that is every infinitesimal deformation is trivial. 

We can apply this theorem to the cover C 4 — ► C^/K. The quotient C 4 /K has a singu- 
larity only at the origin (0 is the only fixed point) and its codimension is 4. Therefore 
every infinitesimal deformation of X = C 4 /K is trivial. On the other hand, singular 
complete intersections are not infinitesimally rigid (cf. pQ). Therefore X cannot be a 
local complete intersection. 

Example 2.6. Let G = Z p(?r , with p < q < r prime numbers. Let £ G C* be a primitive 
root of 1 of order pqr, and G generated by a. Let H\ = 7L pr = (q a) and H2 = Z, pq = (ra), 
ipi(qa) = £, qa , with gcd(a,pr) = 1, and ip2(ra) = £ j with gcd((3,pq) = 1. In this 
example, H = H\ © H2 and K = Z p ; so we have the following commutative diagram 
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c 2 

Applying proposition [TU C s /K is Gorenstein if and only if ipiig = ip2\K or equivalently 
a = (3 (modp). 

Moreover, if ipi and tp2 satisfy this condition then C 2 /K is a local complete intersection 
Z pgr -cover that isn't locally simple (K = Z p ). In fact, if a = (3 (mod p) the action of an 
element k € K on C 2 , with coordinates (zi,z%), is of the form k(z\,Z2) = (z\i], Z2Tj ), 
where rj £ C* is a p-root of 1. Therefore C 2 /K has a rational double point at (of type 
Ap-i) and it is a local complete intersection. 

Example 2.7. Let G = Z p n, with p prime. All the subgroups of G are cyclic p-groups. 
Let {(Hi, s be a set of combinatorial data. Then H = ©j-EZj is the sum of p- 

groups with at least one isomorphic to G (to have a surjection). Relabelling if necessary 
the combinatorial data, we can suppose that H = H\(B - ■ -®H S , with H s = G. Therefore 
tp s is a character of G and so, according to proposition 12.21 the condition for X = C s /K 
to be Gorenstein becomes ip s \Hi = rfi) f° r eac b 1 < % < s — 1. Moreover, the group 
G is cyclic and so there exists only one cyclic subgroup of 7L p -n of order p % , for each 
i = 1, . . . ,n. For this reason the cyclic groups Hi must have different orders and so 
s < n. Then we can reorganize them so that H\ < H% < ■ ■ ■ < H s = G and the 
following restrictions must match, i.e: ip s \llj = ipj = for each 1 < j < s — 1. 

Example 2.8. Let G = (Z p ) n (p prime) and {(Hi, ipi)}i=i,...,s be a set of combinatorial 
data. In this case the only admissible cyclic subgroups of G have order p (Hi = Z p ); 
therefore the exact sequence (0) can be written as 

s 

(7) — >K — > H = Q)Z P — >G — >0 

i=i 

with s > n. 

Remark 2.9. If s = n then H = G and we have a locally simple cover. 

If s > n and the (Z p ) n -cover p : C s /K = X — > X/(Z p ) n is Gorenstein, then Hi ^ Hj 
for each 1 < i,j < s and i ^ j. In fact, assume that Hi = Hj; then by definition ^ ipj. 
If X is Gorenstein then there exists a character x of G such that = X\Hi = X|_ff = V'j 
that is a contradiction. In particular Hi n -ffj = {0}. 

Therefore, looking at the sequence (j2J, for each element k £ K — {0} we have i(&) = 
(/ii, . . . ,h s ) with at least three elements fa,- different from zero, with 1 < j < s. 
This implies that each element k € K— {0} acts non trivially at least on three coordinates 
of the points in C s . 

This fact will be used in the proof of the main theorem (theorem I5.1JI . 

3. Structure of abelian cover 

In Pardini completely described the structure of normal abelian covers of smooth 
complete algebraic varieties (theorem 13. ljl : she also gave conditions so that a normal Gr- 
oover of a smooth variety is smooth (theorem I3.5JI . In this section we introduce some 
notations to recall these theorems. A detailed description can be found in 111. 

Let 7r : X — ► Y be an abelian G-cover with X normal and Y smooth; then tt is 
flat and ir^Ox is locally free 0j. The action of G on X induces the splitting tt*Ox = 
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Ly, 1 , with Ly 1 line bundle, on which G acts via the character \i an d Li isomorphic 

xeG* 
to Oy. 

Let ^ be the union of all the components of D that have associated the same 
subgroup H and character t/j. L x and Djj^ are called the building data of the cover. 
Suppose X) x' £ G* . Then and x'ih belong to H* and so there exist i x and i x / in 

{0, 1, . . . , \H\ - 1}, such that X \H = r x and X '\h = ^ • Finally, let ej$ = [^]. 
Using the above notations, we can state the following theorem due to Pardini. 

Theorem 3.1. (Pardini) Let G be an abelian group. Let Y be a smooth variety, X a 
normal one and let n : X — > Y be an abelain cover with group G. Then the following 
set of linear equivalences is satisfied by the building data of the cover: 

(8) L x + L x '=T.4i' D ^ 

Conversely, to any set of data L x , Djj,^ satisfying we can associate an abelian cover 
7r : X — > Y in a natural way. Whenever the cover so constructed is normal, L x and 
Dh,4> are Us building data. 

Moreover, if Y is complete, then the building data determine the cover ir : X — ► Y up 
to isomorphism of Galois cover. 

Proof. See pU th. 2.1]. □ 

Remark 3.2. About the existence of the cover, let L x and Djjih (L± = Oy) satisfy 
relations 0- Let o~u,ip £ 0(Djj t ^) be a section defining Djj^ and A = L~ l . Using 

X 6G* 

((SJ), the formula 

(9) fhc,v = II * 

defines an associative multiplication on A. G acts on each L" 1 by multiplication by 
X and so we can extend this action to an action of G over A, compatible with the 
multiplicative structure. Therefore X = Spec A is a G-cover of Y. 

The equation @ of section [2] is the explicit version of © for the key example. 

Proposition 3.3. Let ir : X — ► Y and ir' : X — > Y be G-covers with the same building 
data. For each point y GY there exists an stale neighborhood U y over which the covers 
ir and 7r' are isomorphic. 

Proof. Assume that it : X — ► Y and n' : X — ► Y are two G-covers with the same 
building data. Let A = L" 1 and denote with fj, X;r) and n' xrj the two algebra struc- 

X GG* 

tures on A corresponding to it and tt'. Since the relations (JHJ) must be satisfied, by @ 
we can conclude that \x x ^ and fx' have the same divisors, for each r\ € G*; therefore, 
for each \i V £ G*, there exists a section c x ^ € T(Y, O y ) such that 

(10) fj, x>rj = c Xtrt [i xrj . 

Since [i x ,r\ and associative multiplications, the sections c X)TI satisfy the following 

identity 

(11) Cri,rCriT,x = ^Xi r l < "X r l! T ^XiVi' 1 " ^ G . 

Let (p x be automorphisms of the invertible sheaves L x . If w x generates L x then there 
exists a x E T(Y, Oy) such that ip x (w x ) = a x w x . 

By definition a G-isomorphism ip : (A, /x) — ► (A, //) of the G-algebras A with mul- 
tiplication fi and A with jj , is such that ip(w x ■ w v ) = ^>(w x ) • tp(w r] ). This condition is 
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satisfied if and only if a xri fj, XjV w xv = a x a v /J:' x ri w xr] . Therefore, using the identity (fTU|) . to 
produce a G-isomorphism (p we have to show the existence of elements a x G T(Y,O y ), 
for each x^G*, such that 



(12) cx,, = — V M £G*. 

a xv 

Fix the attention over a point y G Y. To prove the existence of the elements a x we 
use the cohomology of the group G* with coefficients in B = O* Y (with multiplicative 
notation) considered as trivial G*-module. 

The elements c XiTI can be considered as elements of C 2 (G*,0* Y ) by c(x,i]) = c x . n G 
O* y The associative relations ([TT]) for c X)J? is exactly the 2-cocycle condition for c(x, rj) 
(see pH Ch. VII, sec. 3]). Therefore c X)V G H 2 (G* ,0* y Y ). 

In general H 2 (G*,0* Y ) ^ 0. Let O y y be the henselianization of O y y. By lemma 

11.51 Vj y is divisible and so H q (G*, O y y ) = for each q > 1. This implies that there 

exists h G C 1 (G*, O y y ) such that c = dh, or better c XjV = h ^{ x ^ f° r eacri V £ C*. 

The henselianization O^y of C\/,y, is an inductive limit of local rings (Bi,mi) with 
Bi etale over O y y (see j!21 Th. 1, pag. 87]). Then there exists a local ring (B,m) with 
B etale over 

Oy, Y , such that /i G C 1 (G*,B*). Let a x = /i(x) for each x^G*. Then the 
identity ()12j) holds and so in the etale neighborhood [/ = Speci? of y the two cover tt 
and 7r' are isomorphic. □ 

Remark 3.4. By theorem IM. II and proposition \'A.'A[ the fiber of a G-cover ir : X — > Y 
over a point y G Y just depends on the combinatorial data at y of tt. 



Now suppose that L x are invertible sheaves and Djj^ are divisors, on a variety 1", 
satisfying conditions (jSJ). Let 9Jt/9Jl 2 be the cotangent space. The following theorem, 
due to Pardini, determines the conditions on the building data so that an abelian cover 
of a smooth variety is smooth. 

Theorem 3.5. (Pardini) Assume that Y ia a smooth variety and that tt : X — > Y is 
the G-cover of X with building data L x 's and 's given by the previous theorem \3.1\ 
Then X is non singular over a point y if and only if one of the following conditions 
holds: 

i) : y is not a branch point of tt; 

ii) : y belongs to one component A of D and y is a smooth point of IS.; 

iii) : y lies on components Dh 1 ^ 1 , ■ ■ ■ ,Dn r ^ r of D and: 

a) : the map H\ © • • • © H r — ► G is an injection, 

b) : let bi be a local equation for Du i ^ i around y, i = 1, ...,r. Then the 
subspaces of DJI/9J1 2 generated by dbi, . . . , db r has dimension r. 

Proof. See [HI Prop. 3.1]. □ 

Remark 3.6. Pardini proved that a locally simple cover is locally complete intersection 
|11| Prop. 2.1]. Theorem 15.11 proves that the converse is true for (Z p ) n -covers, for each 
prime p and natural number n and example 12.61 proves that it isn't true in general. 

4. Proof of the first theorem (general case) 

In this section we prove the theorem that relates the property to be Gorenstein to the 
combinatorial data of a cover. The main idea is to reduce the general case of a G-cover 
tt : X — ► Y to a G-cover of the form p : C s /K — ► (C s /K)/G and then apply the 
proposition 12.21 of the previous section. 

Let tt : X — > Y be a G-cover of algebraic varieties with X normal and Y smooth. 
Since G is a finite group, the fibers are 0-dimensional and their cardinalities divide the 
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order of G. The property to be Gorenstein is local and so we restrict our attention on 
X over a fixed point y in Y. 

By theorem IX . HI X is Gorenstein over y if and only if the fiber of the 7r-cover over y 
is Gorenstein; therefore, from now on, we will restrict our attention just on the fibers. 

Suppose that y £ Y lies on the components Dh 1 ,i(, 1 , • • • , DH a ,tp a of the branch locus 
D. Therefore the set {(Hi, ipi)}i=i ... s is the combinatorial data at the point y £ Y of it 
and, by remark it determines the fiber of tt over y. 

s 

Let H be the direct sum of the cyclic groups Hi, i.e. H = 0fl<. Then we have a 

8=1 

map v from H to G (y is the sum). 

It is not restrictive to assume that v is a surjection, since it is possible to factorize the 
cover 7r near y as the composition of a totally ramified cover (i.e. inertia groups generate 
G) followed by an etale map in the following way. Let M be the subgroup of G generated 
by the inertia groups and T the quotient G/M. Then we have the commutative diagram 




where X — ► Z is a totally ramified cover and Z — ► — is etale pag. 487]. 

If K is the kernel of v, as in section |21 we can consider the exact sequence of abelian 
groups 

s 

— >K^H = (^Hi^G — ► 0. 

i=l 

and the commutative diagram 




~K' 

Since Hi are cyclic subgroups of G, they inject in G. In this way we have obtained 
another G-cover p. 

Now we prove a fundamental lemma for the proof of the theorem. 

Lemma 4.1. The fiber of the n-cover over y £Y is isomorphic to the fiber of the p-cover 
over £ C s /H. 



Proof. Let us consider the G-cover tt : X — > Y. By hypothesis, y £ Y lies on the 
components Affi,V>D • • • > Aff s ,-!/> s °f the branch locus D. Therefore {(i^^, V ; i)}i=i,...,s is 
the set of the combinatorial data at the point y £ Y of tt; moreover, by theorem 13. 11 the 
building data of this cover satisfy the relation ((SJ) with e^'^, = e^, 3 = [ ~rg-f~ ]- 

Now, let us examine the G-cover p : C s /K — ► C s /H constructed above. We analyzed 
this type of cover in section |21 In this case £ C s /H lies on the components Dj = 
DHj,ipj, for j = l,...,s and so the combinatorial data {(Hj,tpj)} of p at £ C s /H is 
the same of the 7r-cover in y. Moreover, the building data of the p-cover satisfy equation 
(JHJ) with coefficient e? , and by definition s^'f 3 = e* yv ,. 
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Applying remark T3. 41 we can conclude that the fiber of the p-cover in is isomorphic 
to the fiber of the 7r-cover in y. □ 

Definition 4.2. Let ir : X — > Y be a G-cover with X normal and Y smooth variety. 
The p cover defined above is called the combinatorial cover associated to ir in y. 

Now we can prove the theorem. 

Theorem 4.3. Let X be a normal G-cover of a smooth variety Y and {(Hi, i/Ji)}i=i ... s 
its combinatorial data at the point y. Then the points of X over y are Gorenstein points 
of X if and only if there exists a character x of G such that 

(13) X\ Hi =1>i V 1 < i < s. 

Proof. By theorem 11.31 X is Gorenstein over y if and only if the fiber n~ 1 (y) is Goren- 
stein. Let p be the combinatorial cover associated to ir in y. Applying the previous 
lemma l4~H the fiber -K~ 1 (y) is Gorenstein if and only if the fiber /3 _1 (0) is Gorenstein. 
Applying again theorem 1 1.31 yo -1 (0) is Gorenstein if and only if C s /K is Gorenstein over 
0. Now we can apply proposition 12.21 and conclude the proof. □ 

5. Proof of the main theorem 

In this section we prove the equivalence between the properties of being locally simple 
and being a locally complete intersection for (Z p ) n -covers, for each prime p and natural 
numbers n. 

Theorem 5.1. Let ir : X — > Y be a normal flat (7j p ) n -cover with Y smooth. Then the 
following conditions are equivalent: 

i) : ir is locally simple; 

ii) : X is locally complete intersection. 

Proof, i) => ii). It follows from definition 11.21 of locally simple and from remark f3. 61 
ii) => i). Suppose that the cover is not locally simple. By definition there exists a point 
y G Y such that, if {(Hi, i/Ji)}i=i ... s is its combinatorial data, the map v : H = ®%Hi — ► 
G isn't injective. Therefore the kernel K of the associated combinatorial cover p is not 
trivial. 

By hypothesis, AT is a locally complete intersection and so X is Gorenstein over y. 
Therefore by theorem 14.31 the characters of the combinatorial data at the point y of 
the 7r-cover satisfy the identity (|13|) . Then the combinatorial data of the associated 
combinatorial cover p at the point G C s /H satisfy the same identity. We studied 
the (Z p ) n -covers in example 12.81 and remark 12.91 shows that the codimension of the 
singularities is at least three. Hence applying theorem 12.51 as in remark f2.41 C s /K is 
infinitesimally rigid and so it isn't a complete intersection. Applying theorem 11.41 the 
fiber /? _1 (0) is not a locally complete intersection and so, by lemma l4~T1 the fiber of it 
over y is not a locally complete intersection. Therefore, applying again theorem 11.41 X 
is not a complete intersection in y and this is a contradiction. □ 

Remark 5.2. At this stage we could try to extend the previous equivalence to each G- 
cover. As already observed, the implication i) =4> ii) still holds for each G-cover (remark 
13.6)1 . In section example 12.61 shows the existence of a local complete intersection 
G-cover that isn't locally simple and so ii) =4> i) doesn't hold in general. Probably for 
the general case, we have to generalize the notion of locally simple cover to have an 
equivalence with locally complete intersection. 
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